The charge qubit based on semiconductor double quantum dots is promising to realize fast and scalable quantum information processing. However, due to its strong coupling to charge noise, experimental realization of two-qubit gates has fidelities below 90%. Here, we provide a theoretical framework to achieve precise gate operations on a charge qubit using geometric quantum phase, namely geometric quantum gates. Single-qubit operations are implemented using the microwave-driven X-Y interacting Hamiltonian near certain sweet spots, where the charge noise is effectively suppressed. Meanwhile, we find that the performance of the geometric gates can be further improved up to 99.86% using composite pulses. In addition, to obtain a nontrivial twoqubit gate, we introduce a hybrid system which consists of charge qubits interacting with a high-impedance superconducting resonator. We find that when the individual charge qubit is in resonance with the resonator, it is possible to construct a SWAP-like gate with fidelity over 97%. Therefore, our results suggest that the geometric quantum gates in combination with the microwave-driven fields are powerful tools to achieve highfidelity manipulation for the charge qubit. arXiv:2004.00211v1 [quant-ph] 1 Apr 2020
I. INTRODUCTION
Semiconductor-based quantum-dot charge qubit [1] [2] [3] [4] [5] [6] is a promising candidate to realize fast universal quantum computation, thanks to its large energy-level splitting which speeds up the gates. However, high-fidelity manipulation of the charge qubit remains a key challenge because of its strong coupling to the charge noise. Several theoretical approaches have been proposed to mitigate the noise effects and improve the gate fidelity, for example, the pulse engineering [7] and dynamically corrected gates [8] [9] [10] [11] [12] . However, these methods focus on suppressing noises in the dynamical process, which is sensitive to local noise fluctuations. Recently, it has been demonstrated that strongly microwave-driven operations near certain sweet spots can effectively suppress the general 1/f charge noise [4, 6, [13] [14] [15] [16] . Despite these progresses, experimental realization of two-qubit gates still have fidelities below 90% [4] . Therefore, further improving the gate fidelity and enhancing its robustness against noises is key for quantum computation with semiconductor charge qubits.
Beside the dynamical correction schemes mentioned above, implementation of quantum gates using geometric phases [17] [18] [19] is believed to be an effective alternative to realize high-fidelity quantum computation [20, 21] . This is owing to the fact that geometric phases have global properties, namely, it is determined only by the closed path of a cyclic evolution and therefore is robust to certain types of local noises. Therefore, much attention has been paid to geometric quantum gates (GQGs), which can be realized based on either the adiabatic [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] or non-adiabatic [30, 31] evolutions. Particularly, the non-adiabatic GQG is of great interest compared to the adiabatic approach, the latter of which requires an overly long * Electronic address: zyxue83@163.com gating time that is impractical in experiments. Thus, here we focus on the non-adiabatic GQGs, which has been realized in various systems using Abelian [32] [33] [34] [35] [36] [37] [38] or non-Abelian [24, [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] geometric phases of quantum states. In fact, the Abelian and non-Abelian geometric phases are related by a phase factor and a holonomic matrix [52] . In addition, GQG has also been investigated in the context of semiconductor quantum dots using spin states [38, [53] [54] [55] [56] [57] and charge states [34, 55, 58, 59] , based on non-adiabatic evolutions. Nevertheless, GQG in combination with the optimization techniques, especially microwave-driven operation near the sweet spot, is still lacking.
Here, we present a theoretical framework to implement universal GQGs for the charge qubit. To implement arbitrary single-qubit GQGs, we adopt the X-Y interacting Hamiltonian of two-level systems [35-38, 60, 61] . The path of evolution is divided into three distinct parts such that the dynamical phase is cancelled out, leaving only the geometric phase. Typically, for the semiconductor charge qubit, an efficient way to obtain the X-Y interacting Hamiltonian is to introduce a strongly microwave-driven oscillating pulsing on the detuning near the sweet spot, which has also been demonstrated in several recent experiments [4, 14, 62, 63] . It is shown that in the rotating frame and under the rotating-wave approximation, the detuning noise can drop out and only the tunneling noise in the σ z term remains. Meanwhile, we have analytically demonstrated that this gate can be further improved by incorporating the composite pulses technique. In addition, to quantitatively evaluate the gate performance of the composite pulses, we perform randomized benchmarking (RB) of the GQGs. We find that the gate fidelities of the composite pulses can be as high as 99.86%.
On the other hand, scalable quantum information processing requires coupling between adjacent qubits. Recently, experiments have shown great progresses of imposing strong and long-range coupling between charge qubits via virtual mi- crowave photons of high-impedance SQUID array resonators [64] . The total Hamiltonian of the hybrid system consisting of the charge qubits and the resonator can be described by the well-known Tavis-Cummings model [65] . When both qubits and the resonator are in resonance, this Hamiltonian in the single excitation subspace forms an effective three-level Λ structure, which can be used to construct a non-Abelian two-qubit gate [66] , i.e., A Non-Abelian SWAP-like GQG. By numerically solving the quantum master equation, we find that the gate fidelities exceed 97%. Furthermore, we demonstrate that this gate is actually entangling, able to generate maximally entangled states. Therefore, our results suggest that high-fidelity universal GQGs on charge qubits can be achieved in combination with the microwave-driven field.
II. SINGLE-QUBIT GQG
We first show how an arbitrary single-qubit GQG is implemented on the charge qubit. As shown in Fig. 1(b) , a single electron confined in the double quantum dots (DQD) can occupy either the left (L) or right (R) dot, corresponding to position states labeled by |L and |R respectively. In the absence of noise, the Hamiltonian [64] of this two-level system reads
where τ x and τ z are the Pauli matrices in the position states spanned by {|L , |R }, while and t c are the on-site energy difference (detuning) and tunneling, respectively.
Here, we define the computational bases using the asymmetric and symmetric states |0 = (|L − |R )/ √ 2, |1 = (|L + |R )/ √ 2 rather than the conventional position states (to be explained later). While it is straightforward to use square-pulsed gate (DC signal) in the experiment, it is better to perform microwavedriven gating (AC signal) near the sweet spot (¯ = 0) which is first-order insensitive to the charge noise [16] . In this way, we have = 2A (t) cos(ωt + ϕ) where A (t) is the time-dependent amplitude and ϕ is the phase of the AC field. When 2t c matches the resonance frequency ω and ω δ , A , in the rotating frame and under the rotating wave approximation (see Appendix. A), the effective Hamiltonian in the computational bases becomes
where σ x and σ y are the Pauli matrices in the computational bases. From Eq.
(2), one is able to implement arbitrary gate operations (dynamical gates) on the x − y plane and the rotating axis is determined by ϕ. On the other hand, H rot is elementary to realize universal single-qubit GQG. To do so, the entire evolution time is divided into three parts. In each part, the control amplitude meets the requirements of
which leads to the arbitrary single-qubit gate of
where n = (sin θ cos ϕ, sin θ sin ϕ, cos θ) is the unit vector and σ = (σ x , σ y , σ z ). The total evolution time for arbitrary gate is the same and is determined by
Since γ, θ and ϕ can be controlled independently via the microwave field, it is convenient to operate arbitrary rotation on the Bloch sphere.
To see why U s (T, γ) is a pure geometric gate, we consider a pair of orthogonal states
At the final time T , the orthogonal states under the operation of U s (T, γ) acquire a global phase factor, namely, the Abelian phase: |± → e ±iγ |± . Thus, in the orthogonal bases the operator can be written as U s (T, γ) = e iγ |+ + +e −iγ − −|. In fact, γ is a pure GPs in the parameter space defined by this orthogonal states. As shown in Fig. 1(c) , the evolution path of |+ can be described by a continuous curve C : t ∈ [0, T ] on the Bloch sphere. It starts at a given point A. By setting θ(T ) = θ(0) and ϕ(T ) = ϕ(0), curve C encloses a closed loop on the sphere. Since ϕ is fixed in each part of the evolution, |+(t) evolves along the geodesic line and the dynamical phase is cancelled out, only the geometric phase remains [38] .
Next, we show the robustness of the GQGs to the charge noise. For the microwave-driven charge qubits, the AC field can also introduce potential driving effects that could result gate errors [16] , such as the Bloch-Siegert shift of the resonant frequency [67] and errors in the Rabi frequency [13, 68] , both of which can lead to dephasing. Whereas, they can be mitigated and accommodated by several approaches including employing AC sweet spot [69] or pulse engineering [15, 70] . Thus, we neglect this driving effect and focus only on the charge noise. Charge noise shifts both the detuning and tunnelling values, namely, → +δ and t c → t c +δt c where δt c and δ are regarded as static random variables. Hereafter, we regard δ and δt c as the detuning noise and tunneling noise, respectively. Under the rotating-wave approximation, we find that only the tunneling noise in the σ z term of the effective Hamiltonian remains while the detuning noise can be safely ignored (see Appendix A). The evolution operator reads
To demonstrate the superiority of the GQG we perform its numerical RB [71, 72] . The RB is simulated by averaging the gate fidelity over different noise and gate sequences randomly drawn from the single-qubit Clifford group [73, 74] . We consider the detuning noise δ and tunneling noise δt c are drawn randomly from the Gaussian distribution σ 2 t : N 0, σ 2 t and σ 2 : N 0, σ 2 , where the mean value of the noise is zero and σ t (σ ) is related to the standard deviation. For convenience, we also assume the magnitudes of these two deviations are the same, namely σ t = σ . In Ref. [16] , the deviation can be calculated via σ ε = c ε 2 ln √ 2πc ε / ω l 1/2
, where ω l is the cutoff frequency and c is the related parameter to the deviation. We take c = 0.5µeV and ω l /2π = 1Hz such that σ t = σ ≈ 3µeV . In Fig. 2 , we plot the fidelity as a function of the Clifford gate number. The averaged gate fidelity is obtained by fitting the fidelity curve to 1 + e −dn /2. We find that the gate fidelity F(T ) related to U s (T, γ) is 99.63%.
The fidelity of the achieved GQG can be further improved using a scheme involving composite pulses. The basic idea is to divide the original rotation into several parts, such that the sensitiveness of the composite GQG can be different. To show the advanced superiority of the composite scheme, we consider two-and three-piece composite pulses with the corresponding evolution operator as
In the assumption of δt c 1, We expand the fidelities to second-order as 
It is easy to find that for arbitrary rotation angle within −π γ π we always have ∆F 1 0 and ∆F 2 0. This means the composite GQG do offer fidelity improvement. From the RB result in Fig. 2 , we find that both the composite schemes can outperform the original GQG. Also, we see that the improvement offered by U (2T, γ/2) with respective to U (T, γ) is substantial, while the improvement of U (3T, γ/3) over U (2T, γ/2) is marginal, where the fidelities are 99.85% and 99.86%, respectively.
III. NONTRIVIAL TWO-QUBIT GQG
To implement the two-qubit GQG we consider two DQDs strongly coupled via one of its plunger gates to a highimpedance SQUID array superconducting resonator [64] . The high-impedance resonator enhances the coupling strength of the individual qubits to the resonator. For this coupled system, the Hamiltonian reads
with the resonator Hamiltonian H res = ω r a † a, where ω r is the resonant angular frequency of the superconducting resonator, H k is the charge qubit Hamiltonian as shown in Eq. (1) for the kth DQD (k = 1, 2) and the coupling between resonator and DQDs reads H int,k = g k τ z k (a † + a). Here, a (a † ) is the bosonic annihilation (creation) operator and g k is the dipolar coupling strength between the kth DQD and the resonator. In order to simulate the well-known Tavis-Cummings Hamiltonian, we transform the coupled Hamiltonian into the DQD eigenbasis spanned by {|g , |e } as
where we have used rotating-wave approximation, ω k = (4t k c ) 2 + 2 , tan θ k = 2t k c / k and sin θ k = 2t k c /ω k . Note that since we have rewritten the Hamiltonian in the DQDs eigenstates, such that the Pauli matrices here areσ z k = |g g|−|e e|,σ k = |g e| and (σ k ) † = |e g|. We can also find that the effective coupling strength is g k sin θ k , which is affected by a factor of sin θ k . Experimentally, g k is difficult to change, and thus we assume it to be fixed. On the other hand, sin θ k is determined by the qubit operating parameters, namely, and t k c . In the limit t k c , the eigenstates are approximately the position states |L and |R , and we have sin θ k = 2t k c /ω k ≈ 2t k c / k . In this case, the effective coupling can be very small. Inversely, in the limit t k c , the eigenstates are approximately the symmetric and asymmetric states (|L + |R )/ √ 2 and (|L − |R )/ √ 2 and sin θ k ≈ 1. To obtain a large effective coupling, one can operate the qubit in this region. This can be realized by taking t 1 c = t 2 c to be fixed and operating near the sweet spot, where the qubit dephasing is improved.
Next, we transform H tot into the rotating frame defined by the resonant frequency ω r . The effective Hamiltonian reads
with
Considering both DQDs and the resonator are resonant, namely, ω k = ω r , the effective Hamiltonian becomes
where we have assumed sin θ k = 1 and thus the Pauli matricesσ is equivalent to σ and therefore |e = |1 and |g = |0 . In the single excitation subspace spanned by {|100 , |010 , |001 } (where |mnq ≡ |m 1 |n r |q 2 denoting the first qubit, the resonator and the second qubit, in an order from left to right), the Hamiltonian in Eq. (13) actually forms a three-level system with the transition between |100 ↔ |010 and |001 ↔ |010 , as shown in Fig. 3(a) . Under the dressed state representation, the effective Hamiltonian is
with the dark and bright dressed states being
where Ω = g 2 1 + g 2 2 , tan θ/2 = g 1 /g 2 . It is clear from Eq. (14) that the dark state |d decouples from the dynamics and the Hamiltonian can be regarded as oscillating between the bright state |b and |010 . Thus, |b and |d evolve as
where U eff = exp( T 0 H eff dt). When ΩT = π is satisfied, these two dressed states undergo a cyclic evolution with |ψ i (T ) ψ i (T )| = |ψ i (0) ψ i (0)|, (i = 1, 2). The dark state |d remains the same while the bright state |b acquires a π phase factor and thus turns to − |b . Under the subspace {|d , |b , |010 } the evolution operator is
with A ij (t) = i ψ i (t)|ψ j (t) . Besides, it is easy to find that ψ i (t)| H eff |ψ j (t) = 0 which means there is no transition between |ψ 1 (t) and |ψ 2 (t) , namely, the parallel-transport condition is satisfied. Thus, U eff (T ) represents a non-Abelian (holonomic) two-qubit GQG. Furthermore, under the logical basis states {|00 , |01 , |10 , |11 } it takes the form of
where ξ = 2 arctan(g 1 /g 2 ). For the simplest case where g 1 = g 2 such that ξ = π/2 we can get a SWAP-like two-qubit gate
Note that the negative sign in the elements |11 11| comes from the evolution of the dual excitation subspace of {|110 , |101 , |011 } [66] . That is because in this subspace it can also form another three-level system (see Appendix. B) with the transition between |110 ↔ |101 and |011 ↔ |101 . We can show that U SWAP is actually a perfect entangling gate, namely, it can generate maximally entangled states, see Appendix. C. Then, we simulate the performance of this two-qubit entangling gate using the Lindblad master equation oḟ
where ρ is the density matrix of the coupled system, L(A) = 2AρA † − A † Aρ − ρA † A is the Lindblad operator; κ and Γ are the decay and dephasing rate of the resonator and the qubits, respectively. As stated before, when the charge qubits are operated near the sweet spot using the microwave-driven field, the charge noise exists only in the σ z term, therefore, the leading error for the charge qubit is pure dephasing caused by the tunneling noise. According to Ref. [64] , we consider the coupling strength to be g/2π = 60 MHz and the decay and dephasing rate are κ/2π = Γ/2π = 6 MHz. Normally, the fidelity can be calculated via F SWAP = Tr[ρ id (t)ρ(t)], where ρ(t) is the density matrix within time and ρ id (t) is the ideal density matrix. Thus, for a given initial density operator (state), one can obtain ρ(t) by solving the master equation and then calculate the fidelity. Alternatively, the fidelity can also be obtained by calculating the population of the considered state. Here, we consider the initial state of the coupled system is |100 , i.e. |e, 0, g . Under the operation of U SWAP , it is expected to transform to |001 in the absence of dephasing and decay. In Fig. 4 , we plot the populations of the state |100 and |001 versus the evolution time. We find that the population (fidelity) for |001 is 97.68% when Ωt = π.
IV. CONCLUSION
In conclusion, we have proposed the implementation of universal GQG for the charge qubit. We introduce the microwave-driven field operating on the sweet spot and obtain the X-Y interacting Hamiltonian. By dividing the evolution path into three distinct parts, we are able to obtain universal Abelian single-qubit gates. Furthermore, we have applied the composite pulse technique and with that, the gate fidelity is improved above 99.8%. Meanwhile, we have designed a non-Abelian (holonomic) SWAP-like two-qubit gate and demonstrated its entangling property. By solving the master equation we have found that the related fidelity is about 97.68%. Therefore, our results offer an alternative yet powerful way to achieve high-fidelity universal geometric quantum computation for the charge qubit.
Here, we consider a microwave-driven operating on the detuning near the sweet spot = 2A (t)cos(ωt + ϕ). And then, we further transform H c into the rotating frame at the microwavefield frequency ω 
where we have performed rotating wave approximation and neglected the high-frequency oscillating terms. Now, it is clear that under the microwave-driven field the detuning noise can drop out and only the tunneling noise remains.
Appendix B: Effective Hamiltonian for the qubit-resonator coupled system
To clearly verify the evolution of the charge qubits and the resonator coupled system we write the effective Hamiltonian in the full Hilbert space 
where Eq. (A1) is in the basis states spanned by {|100 , |010 , |001 , |110 , |101 , |011 , |000 , |111 }.
Here, we have assumed ∆ 1 = ∆ 2 = ∆. When both the two qubits and the resonator are resonant, namely, ∆ = 0, the Hamiltonian in the subspaces {|100 , |010 , |001 } (single excitation) and {|110 , |101 , |011 } (dual excitation) forms two effective three-level Λ structures.
